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The rkd-Tree: An Improved kd-Tree for Fast n-Closest Point
Queries in Large Point Sets

Robert F. Tobler

Abstract The kd-tree is used in various applications,

such as photon simulation with photon maps, or nor-

mal estimation in point sets for reconstruction, in order

to perform fast n-closest neighbour searches in huge,

static data sets of point sets of arbitrary dimensions.

In a number of cases, where lower dimensional point

sets are embedded in higher dimensional spaces, it has

been shown that the vantage point tree (vp-tree) can

significantly outperform the kd-tree. In this paper we

introduce the rkd-tree, a modified version of the kd-tree

that applies ideas from the vp-tree to the kd-tree. This

improved kd-tree version is shown to outperform both

the kd-tree and the vp-tree in a number of artificial and

real test-cases.
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1 Introduction

Searching the closest point to a query point within a

large point set is a typical task in a number of computer

graphics applications. Here are two examples:

In photon maps that store all simulated photons

in a forward tracing light simulation, the photons are

typically stored in a searchable data structure so that

the subsequent illumination estimation can quickly es-

timate the illumination of a query point. This is done

by performing a search for the n closest points to the

query point, and thereby estimating the photon density

around the query point.

In reconstruction of 3D scenes based on laser scans

or photos, the raw data or an intermediate data set
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consists of a large number of points on the surfaces of

the objects that need to be reconstructed. In order to

compute the surface normals and reconstruct surfaces,

it is necessary to quickly find the n-closest points to

each of the points in the data set.

In both of the cases the number of points in the data

set to query is very large (often more than 106 points),

and the number of queries that have to be performed is

also large. Oftentimes a kd-tree that recursively parti-

tions space along the dimensions of the search space is

used to store the points and allow a fast algorithm for

n-closest point queries. A highly optimized version has

been published with the introduction of photon maps

by Jensen [1].

In 1990 Yianilos introduced the vantage point tree

(vp-tree) [2] that use a different strategy based on so-

called vantage points, to recursively partition the search

space. It has been shown that there are search appli-

cation where the vp-tree significantly outperforms the

kd-tree [3].

In this paper we will introduce an improvement to

the kd-tree that is based on the vp-tree that we call the

rkd-tree, and we will show a number of search scenarios

where the rkd-tree outperforms both the kd-trees and

the vp-tree.

2 State of the art

2.1 The kd-tree

The kd-tree has been introduced by Friedman and Bent-

ley [4], [5], [6], and is often used for searches in low-

dimensional spaces. In order to build a kd-Tree, the

database of points is recursively bisected in order to

build a binary search tree. Each bisection is performed
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at the median of all data points in a selected dimension.

The selection of which dimension to bisect can be ei-

ther be fixed (e.g. by rotating through all dimensions),

or optimized by taking the dimension with the larges

spread in the data. In figure 1 the partitioning of an

example two dimensional point set is shown.

Fig. 1 Two dimensional example kd-tree decomposition.

Although a kd-tree can be represented in memory

in the typical manner of a binary search tree by using

nodes that contain references to their two sub-nodes,

the observation that all bisections are performed along

the median of the database according to a selected coor-

dinate, can be used to build a kd-tree without pointers:

store all data points in an array, search the median and

place it at the center position of the array (round the

index if there is no exact center position). Now place all

other points at positions lower or higher than the center

position of the array according to their relation to the

median point in the selected coordinate. Selecting the

median and rearranging the elements can be performed

in a single step with the quick-median algorithm [7], [8].

Thus at each position in the array, only the data point,

and integer for the coordinate along which this point

splits the data set, needs to be stored.

The probably fastest implementation of the kd-tree

uses an additional optimization based on the observa-

tion that the arrangement of the elements in the ar-

ray according to the median placement leads to a very

sparse and cache-inefficient access pattern of the array.

By viewing the array as a balanced heap, the binary

kd-tree can be stored in such a way that the root of the

tree is in the first element, its two children are in the

two subsequent element, and so on. An implementation

of this optimization has been published by Jensen [1].

2.2 The vantage point tree

The vantage point tree (vp-tree) introduced by Yianilos

[2] uses the same idea of hierarchic bisection of the data

set. However instead of splitting along the coordinate

values, at each level a specific vantage point is selected,

and the points are partitioned according to the distance

from this vantage point. Thus a sphere around the van-

tage point bisects the point set into a near and a far

subset, the near set is stored in the left subtree, the far

set is stored in the right subset. An example vp-tree

can be seen in figure 2.

Fig. 2 Two dimensional example vp-tree decomposition
(image from Yanilos’ paper [3]).

The vantage point should be selected in such a way

to avoid splitting the far set into disjoint regions. This

can often be done by choosing vantage points near the

corners of the point set to split [3].

The advantage of the vp-tree when compared to the

kd-tree can be characterized as follows: in higher dimen-

sions the partitioning with respect to the vantage points

partitions space in all dimensions at once, and thus for

non-uniform distributions of points, fast decisions can

be performed for entire subtrees, if a vantage point and

its near points are completely inside or outside the cur-

rent search sphere. This is especially noticeable if point

sets of lower dimensionality are embedded in higher di-

mensional spaces, and in this case large performance

gains over the kd-tree have been observed.

Optimized forms of the vp-tree include additional

subspace bounds and may employ buckets near the leaf

level. A number of improvements of the vp-tree relat-

ing to high-dimensional settings, distribution adapta-

tion and incremental searches have been described [9],

[10], [11].

3 The rkd-tree

The observation from the vantage point tree that fast

decisions can be performed if certain sub-sets of points
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are known to be contained in spheres of a known radius,

can be applied to the kd-tree as well. For each split-

point of the kd-tree we compute and store the radius

r (hence the name rkd-Tree) of the sphere containing

all points in its left and right subtrees. In figure 3, the

spheres of four split-points at the same level of the tree

are shown in red.

Fig. 3 Two dimensional example rkd-tree decomposition.
The spheres around the nodes at one level of the tree are
shown in red, the regions that are potentially excluded from
rkd-tree searches (when compared to kd-tree searches) are
shaded.

The search algorithm for the n-closest points to a

given query point maintains the radius of the sphere

around the query point containing the current best set

of n closest points. In a normal kd-tree search this

sphere is only classified with respect to the kd-tree split

planes. In the rkd-tree we use this radius and the stored

radius around each split-point to perform an additional

exclusion test. This test comes nearly for free, since the

distance from the current best set to the split-point

needs to be computed in the standard kd-tree as well

in order to test if the split-point needs to be included

in the current best set. Thus the only work to perform

is the evaluation of the triangle inequality of the radius

of the split-point sphere and the radius of the current

best set with respect to the distance of the split-point

to the query point. If the triangle inequality does not

hold, both sub-sets of the split point can be excluded

from the search.

4 Evaluation

In order to perform a meaningful evaluation of the per-

formance of the rkd-tree, we used an optimized C# im-

plementation based on the heap/array optimizations by

Jensen [1] for all three trees: kd-tree, vp-tree, and rkd-

tree. Note that this leads to a highly efficient vp-tree

implementation that has not been documented in liter-

ature up to now.

4.1 Artificial point sets

Our first test consisted of queries for the closest 100

points in dense random sets of 106 points of increasing

dimension, using three different distance metrics. Fig-

ure 4 shows the relative timing of the kd-tree and the

vp-tree when compared to the rkd-tree.
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Fig. 4 Relative timings of the kd-tree and the vp-tree com-
pared to the rkd-tree in queries for the 100 closest points in
dense random point sets of 106 points of varying dimension-
ality for L8, L2, and L1 distance metric (top to bottom).

In queries with euclidean metric (L2), the rkd-tree

significantly outperforms both the kd-tree and the vp-

tree in this evaluation. In the maximum metric (L8),

the rkd-tree is minimally faster than the kd-tree are and

both are a lot faster than the vp-tree. Only in queries

using the manhattan distance (L1) the rkd-tree is some-

what outperformed by the vp-tree.

The second test (figure 5) uses the same setup, ex-

cept that point sets of lower dimension were embedded

in higher dimensional spaces (the data set dimension

was a third of the space dimension).
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Fig. 5 Relative timings (on a logarithmic scale) of the kd-
tree and the vp-tree compared to the rkd-tree in queries for
the 100 closest points in sparse random point sets of 106

points for L8, L2, and L1 distance metric (top to bottom).
The dimensionality of the data sets was a third of the dimen-
sions of the space (shown on the x-axis) they were embedded
in.

On these sparse data sets the rkd-tree is in most

cases slightly faster than the vp-tree, and significantly

faster than the kd-tree.

4.2 Real world point sets

Kd-trees are often used in photon mapping algorithms

[1] to find photons that are close to an evaluation point.

In order to create a more discriminate search it is pos-

sible to add the similarity of the normal vector as an

additional search criterion. This can be accomplished

by putting the photons with their normal vectors into

a 6-D search space (three dimensions for the point lo-

cation, three dimensions for the normal vector) with

the normals scaled by a factor according to the desired

importance. We have run a number of tests for pho-

ton data sets generated when illuminating a city block

(see figure 6). The results show that as the importance

of the normal is scaled up, the rkd-tree is increasingly

faster than the kd-tree with speed ups ranging from

37% with low normal importance up to 113% for high

normal importance. When compared to the vp-tree, the

rkd-tree is in most cases slightly faster (about 10% to

12%), only in the extreme cases, where the normal im-

portance dominates the search, it is slightly slower (up

to 7%).
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Fig. 6 Relative timings of the kd-tree and the vp-tree com-
pared to the rkd-tree in queries for the 250 closest points with
similar normals in a data set of 105 photons simulating the
solar illumination of a city block of 250 by 250 meters. The
normal importance is given by the scaling of the normal (in
meters). Note that if the normal is scaled to be very small
the results are nearly identical as if the search was performed
without normals in 3D space.

5 Conclusion

We presented an improvement of the kd-tree for n-

closest point searches that is based on the vp-tree. It

mostly retains or exceeds the kd-tree speed in dense

data sets, and mostly retains or exceeds the speed of

the vp-tree in sparse data sets. Thus it delivers a stable

performance regardless of the nature of the data set.
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